of which only a few examples are documented here, we conclude that much remains to be done to solve the "protein folding problem" in the broadest sense.
INTRODUCTION
The quest to solve the protein folding problem in quantitative detail, which is surely only the first step in describing the functions of proteins in the cellular context, has led to great advances on both experimental and theoretical fronts (85, 92, 38, 144, 130, 125, 127, 30, 105, 28, 117, 6, 114, 35, 141, 5, 26, 27, 8, 43) . In the process our vision of the scope of the protein folding problem has greatly expanded.
The determination of protein structures by X-ray crystallography (70) and the demonstration that proteins can be reversibly folded following denaturation (3) ushered in two research fields. The first is the prediction of the three dimensional structures given the amino acid sequence (11, 97) , and the second is to describe the folding kinetics (114, 106, 125) . Another line of inquiry in the protein folding field opened with the discovery that certain proteins require molecular chaperones to reach the folded state (46, 140, 58, 128) . More recently, the realization that protein misfolding, which is linked to a number of diseases, has provided additional wrinkles to the already complicated protein folding problem (21, 116, 126, 36) . Although 
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Theoretical Perspectives on Protein Folding known for a long time it is becoming more widely appreciated that the restrictions in the conformational space in the tight cellular compartments might have significant effect on all biological processes including protein folding (20, 142) . In all these situations the protein folding problem is at the center stage. The solution to this problem requires a variety of experimental, theoretical and computational tools.
Advances in all these fronts have given us hope that many aspects of, perhaps the "simplest" of the protein folding problems, namely, how single domain globular proteins navigate the large dimensional potentially rugged free energy surface en route to the native structure are under theoretical control.
Much of our understanding of the folding mechanisms comes from studies of proteins that are described using the two-state approximation in which only the unfolded and folded states are thought to be significantly populated. However, proteins are finite size branched polymers in which the native structure is only marginally stabilized by a number of relatively weak (∼ O(k B T )) interactions.
From a microscopic point of view the unfolded state and even the folded state should be viewed as an ensemble of structures. Of course, under folding conditions the fluctuations in the native state are less than in the unfolded state. In this picture rather than viewing protein folding as a unimolecular reaction (U ↔ F where U and F being the unfolded and folded states respectively) one should think of the folding process as the interconversion of the conformations in the Denatured State Ensemble (DSE) to the ensemble of structures in the Native Basin of Attraction (NBA). The description of the folding process in terms of distribution functions necessarily means that appropriate tools in statistical mechanics together with concepts in polymer physics (23, 42, 31, 49) are required to understand the self-organization of proteins, and for that matter RNA (125) .
Here, we provide theoretical perspectives on the thermodynamics and kinetics of protein folding of small single domain proteins with an eye towards understanding Thirumalai et. al. (106, 117, 28, 118, 120) .
UNIVERSALITY IN PROTEIN FOLDING THERMODYNAM-ICS
The natural variables that should control the generic behavior of protein folding are the length (N ) of the protein, topology of the native structure (5), symmetry of the native state (79, 135) , and the characteristic temperatures that give rise to the distinct "phases" that a protein adopts as the external conditions (such as temperature T or denaturant concentration ([C])) are altered (123) . In terms of these variables, several universal features of the folding process can be derived, which.
shows that certain aspects of protein folding can be understood using concepts developed in polymer physics (23, 42, 31, 49) .
Protein Size Depends on Length
Under strongly denaturing conditions proteins ought to exhibit random coil characteristics. If this were the case, then based on Flory theory (42), the radius of gyration (R G ) of proteins in the unfolded state must scale as R
where a D is a characteristic Kuhn length, N is the number of amino acid residues, and ν ≈ 0.6. Analysis of experimental data indeed confirms the Flory prediction (Fig.1a) 
Characteristic Phases
Proteins are finite-sized systems that undergo phase changes as the quality of solvent is decreased. As the T ([C]) is lowered to the collapse temperature T θ ([C] θ ), which decreases the solvent quality, a transition from an expanded to an ensemble of compact structures must take place. The collapse transition can be either first or second order (23) , depending on the nature of the solvent-mediated interactions. In a protein there are additional energy scales that render a few of the exponentially large number of conformations lower in free energy than the rest. These minimum energy compact structures (MECS) direct the folding process (17) . When the temperature is lowered to the folding transition temperature T F , a transition to the folded native structure takes place. These general arguments suggest that there are minimally three phases for a protein as T or [C] is varied. They are the unfolded (U ) states, an ensemble of intermediate (I) structurally heterogeneous compact states, and the native state.
An order parameter that distinguishes the U and I states is the monomer density,
It follows from the differences in the size dependence of R G in the U and I states with N ( Fig. 1 ) that ρ ≈ 0 in the U phase while ρ ≈ O(1) in the I and the NBA. The structural overlap function (χ), which measures the similarity to the native structure, is necessary to differentiate between the I and the conformations in the NBA. The collapse temperature may be estimated from the changes in the R G values of the unfolded state as T is lowered while T F may be calculated from ∆χ = χ 2 − χ 2 , the fluctuations in χ.
Thirumalai et. al. 
Scaling of Folding Cooperativity with N is Universal
A hallmark of the folding transition of small single domain proteins is that it is remarkably cooperative (Fig.2) . The marginal stability criterion can be used to infer the N -dependent growth of a dimensionless measure of cooperativity Ω c =
, where ∆T is the full width at half maximum of | df N BA dT |, in a way that reflects both the finite-size of proteins and the global characteristics of the denatured states.
The dependence of Ω c on N is derived using the following arguments (88) . (i) ∆χ is analogous to susceptibility in magnetic systems and hence can be written as ∆χ = T |d χ /dh|, where h is an ordering field conjugate to χ. Because ∆χ is dimensionless, we expect that the ordering field h ∼ T . Thus, T |d χ /dT | ∼ T |df N BA /dT | plays the role of susceptibility in magnetic systems.
(ii) Efficient folding in appar-
folding is triggered by denaturants). Therefore, the critical exponents that control the behavior of the polypeptide chain at T θ must control the thermodynamics of the folding phase transition. At
Thus, ∆T ∼ N −1 (Fig.2b) . Because of the analogy to magnetic susceptibility, we expect T |d χ /dT | ∼ N γ . Using these results we obtain Ω c ≈ N ζ where ζ = 1 + γ, which follows from the hypothesis that T F ≈ T θ . The fifth order expansion for polymers using n-component field theory with n → 0 gives γ = 1.22, giving ζ = 2.22 (72) .
The linear fit to the log-log plot of the dependence of Ω c for proteins shows that ζ = 2.17 ± 0.09 for proteins (Fig.2c) . The remarkable finding that expresses cooperativity in terms of N and ζ gives further credence to the proposal that efficient folding is achieved if sequences are poised to have T F ≈ T θ (16, 73 (130, 63) . In the folded state, the hydrophobic residues are usually sequestered in the interior while polar and charged residues are better accommodated on the protein surface. Often these conflicting requirements cannot be simultaneously satisfied and hence proteins can be energetically "frustrated" (50, 22) . If the packing of locally formed structures is in conflict with the global fold then the polypeptide chain is topologically frustrated. Thus, the energy landscape rugged on length scales that are larger than those in which secondary structures (≈ (1 − 2) nm) form even if folding can be globally described using the two-state approximation.
There are several implications of the funnel-like and rugged landscapes for folding kinetics (Fig.3a) . 
Multiple Folding Nuclei (MFN) Model
Theoretical studies (50, 124, 13, 1) and some experiments (39, 65) suggest that efficient folding of these proteins is consistent with a NC mechanism according to which the rate limiting step involves the formation of one of the folding nuclei. Because the formation of the folding nucleus and the collapse of the chain are nearly synchronous, we referred to this process as the NC mechanism.
Simple theories have been proposed to estimate the free energy cost of producing a structure that contains a critical number N * R residues whose formation drives the structure to the native state (136, 50, 19) . In the simple NC picture the barrier to folding occurs because the formation of contacts (native or non-native) involving the N * R residues, while enthalpically favorable, is opposed by surface tension. In addition, formation of non-native interactions in the transition state also creates strain in the structures representing the critical nuclei. Using a version of the nucleation theory and structure-based thermodynamic data, we showed the average size of the most probable nucleus N * R , for single domain proteins, is between 15-30 residues (19).
Simulations using lattice and off-lattice established the validity of the MFN model according to which certain contacts (mostly native) in the conformations in Transition State Ensemble (TSE) form with substantial probability (> 0.5). An illustration ( Fig.3c ) is given from a study of the lattice model with side chains (77) in which the distribution of native contacts (P N (q)) shows that about 45% of the total number of native contacts have high probability of forming in the TSE and none
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Kinetic Partitioning Mechanism (KPM)
When the scale of roughness far exceeds k B T so that the folding landscape partitions into a number of distinct CBAs that are separated from each other and the NBA by discernible free energy barriers ( 
Three Stage Multipathway Kinetics and the Role of N
The time scales associated with distinct routes followed by the unfolded molecules ( Simulations using lattice and off-lattice models showed that the molecules that follow the slow track reach the native state in three stages ( Fig.3b) (16, 50, 123) . In majority of ensemble experiments only the third folding stage is measured.
Non-specific
The folding time
Others have argued that ∆F ‡ ≈ N 2/3 (136, 40) . The limited range of N for which data are available makes it difficult to determine the exponent unambiguously.
However, correlation of the stability of the folded states (123) expressed as Z-score (∝ √ N ) with folding time (75) shows that √ N scaling (98, 2) is generic (Fig. 3d ).
MOVING FORWARD : NEW DEVELOPMENTS
Theoretical framework and simulations (especially using a variety of coarse-grained models (55, 22, 47, 48, 101, 69, 68, 57) ) have been instrumental in making testable predictions for folding of a number of proteins. For example, by combining structural analyses of a number of SH3 domains using polymer theory, and off-latice simulations we showed that the stiffness of the distal loop is the reason for the 
the partition function Z(B) = i e −β B (Ei(A)+Gtr,i(A→B)) in condition B can be calculated (Fig.4a) .
Applications to Protein L and Cold Shock Protein
In the applications of MTM theory to date we have used the C α -side chain model Fig.1a) suggests that the DSE can be pictured as a random coil, the simulated P (x) for protein L deviates from P T (x), which shows that even at high GdmCl remnants of structure must persist ( (Fig.5b) . Concomitant with the equilibrium collapse, the fraction of residual structure increases, with the largest increase occurring below C m (103). Thus, the DSE becomes compact and native-like as [C] decreases, which shows that the collapse process should be a generic step during the folding process (Fig.5b ). 
Characterization of the Denatured State Ensemble

Constancy of m-values and Protein Collapse
Transition Midpoints are Residue-Dependent
The obsession with the two-state description of the folding transition as [C] (or T )
is changed, using only simple order parameters (see below), has led to molecular explanations of the origin of cooperativity without examination of the consequences of finite size effects. For instance, the van't Hoff criterion (coincidence of calorimetric enthalpy and the one extracted from fitting f N BA(i) to two states) and the superposition of denaturation curves generated using various probes such as SAXS, CD, and FRET are often used to assert that protein folding can be described using only two states. However, these descriptions, which use only a limited set of order parameters, are not adequate for fully describing the folding transition.
The order parameter theory for first and second order phase transitions is most 
MECHANICAL FORCE TO PROBE FOLDING
Single molecule force spectroscopy (SMFS), which directly probes the folding dynamics in terms of the time-dependent changes in the extension x(t), has altered our perspective of folding by explicitly showing the heterogeneity in the folding dynamics (45) . While bulk experiments provide an understanding of gross properties, single molecule experiments can give a much clearer picture of the folding landscapes (63, 137, 138, 18) , diversity of folding and unfolding routes (96, 107) , and the timescales of relaxation (61, 81) . SMFS studies using mechanical force are insightful because (i) mechanical force does not alter the interactions that stabilize the folded states and conformations in the CBAs, (ii) the molecular extension x that is conjugate to f is a natural reaction coordinate, and (iii) they allow a direct determination of x as a function of t from which equilibrium free energy profiles and f -dependent kinetics can be inferred (61, 137, 107, 131) . Interpretation and predictions of the outcomes of SMFS results further illustrate the importance of theoretical concepts from polymer physics (23, 31, 42, 49) , stochastic theory (81, 53) and hydrodynamics.
Initially SMFS experiments were performed by applying a constant load r f while more recently constant force is used to trigger folding. While f is usually applied at the endpoints of the molecule of interest, other points may be chosen (24) to more fully explore the folding landscape of the molecule. Despite the sequencespecific architecture of the folded state, the FECs can be quantitatively described using standard polymer models. The analyses of FECs using suitable polymer models immediately provide the persistence length (l p ) and contour length (L) of the proteins (15) . Surprisingly, the FECs for a large number of proteins can be analyzed using the Wormlike Chain (WLC) for which equilibrium force as a function of extension is (91 
Transition State Location and Hammond Behavior
If r f is a constant the force required to unfold proteins varies stochastically, which implies that the rupture force (value of f at which NBA→stretched transition occurs) distribution, P (f ), can be constructed using a multiple measurements. If unfolding is described by the Bell equation (unfolding rate
where ∆x T S is the location of the TS with respect to NBA) then using f * ∼ k B T /∆x T S · log r f , ∆x T S can be estimated. When the response of proteins over a large range of r f is examined the [log r f , f * ] curve is non-linear, which is due to the dependence of ∆x T S on r f (32, 33, 34, 63) or the presence of multiple free energy barriers (94) . For proteins (r f ∼ 100 − 1000 pN/s), the value of ∆x T S is in the range of 2 − 7Å depending on r f (113, 25) .
The TS movement as f or r f increases, can be explained using the Hammond postulate, which states that the TS resembles the least stable species along the folding reaction (52) . The stability of the NBA decrease as f increases, which implies that ∆x T S should decrease as f is increased (63) . For soft molecules such as proteins and RNA, ∆x T S always decreases with increasing r f and f . The positive curvature in [log r f , f * ] plot is the signature of the classical Hammond behavior (64).
Roughness of the Energy Landscape
Hyeon and Thirumalai (HT) showed theoretically that if T is varied in SMFS studies then the f -dependent unfolding rate is given by log k(f, at five different temperatures to infer the underlying one dimensional free energy surface. By adopting the HT theory (62) SR showed that the data can be fitted using = 4k B T for ddFLN4 unfolding.
Unfolding Pathways from FECs
The FECs can be used to obtain the unfolding pathways. From FEC alone it is only possible to provide a global picture of f -induced unfolding. Two illustrations, one (GFP) for which predictions preceded experiments and the other (RNase-H),
illustrate the differing response to force.
RNase-H under Tension
Ensemble experiments had shown that RNase-H, a 155 residue proteins, folds through an intermediate (I) that may be either on-or off-pathway (111, 6) . The FEC obtained from LOT experiments (18) showed that there is one rip in the unfolding at f ≈ 15 − 20 pN corresponding to NBA→ U transition (see Fig.6 ).
Upon decreasing f there is a signature of I in the FEC corresponding to a partial contraction in length at f ≈ 5.5 pN, the midpoint at which U and I are equally populated. The reason for the absence of the intermediate in the unfolding FEC is due to the shape of energy landscape. Once the first barrier, which is significantly larger than the mechanical stability of the I state relative to U , is crossed, global unfolding occurs in a single step. In the refolding process, the I state is reached from U since the free energy barrier between I and U is relatively small. The pathways inferred from FEC is also supported by the force-clamp method. Even when f is maintained at f = 5.5 pN, the molecule can occasionally reach the N state by jumping over the barrier between N and I, which is accompanied by an additional contraction in the extension. However, once the N state is reached, RNase-H has little chance to hop back to I within the observable time. Because in majority of cases the I → N transiton out of the NBA ceases, it was surmised that I must be on-pathway.
Pathway Bifurcation in the Forced-Unfolding of Green Fluorescence Protein (GFP)
The nearly 250 residue Green Fluorescence Protein (GFP) has a barrel shaped structure consisting of 11 β-strands with one α-helix at the N-terminal. Mechanical response of GFP, which depends both on loading rate and the stretching direction 
Refolding upon Force-Quench
Two novel ways of initiating refolding using mechanical force have been reported.
In the first case a large constant force was applied to poly-ubiquitin (poly-Ub) to prepare a fully extended ensemble. These experiments ( fig. 8a ), which were the first to use f S → f Q jump to trigger folding, provided insights into the folding process that are in broad agreement with theoretical predictions. (i) The time dependent changes in x(t), following a f S → f Q quench, occurs in at least three distinct stages.
There is a rapid initial reduction in x(t), followed by a long plateau in which x(t)
is roughly a constant. The acquisition of the native structure in the last stage, which involves two phases, occurs in a cooperative process. can be nearly an order of magnitude greater than the value at f Q .
The interpretation of the force-quench folding trajectories is found by examining (Fig.8b) the nature of the initial structural ensemble (41, 87, 60) . The initial structural ensemble for the bulk measurement is thermally denatured ensemble (TDE) while the initial structural ensemble under high tension is the fully stretched (FDE, force denatured ensemble). Upon force quench a given molecule goes from a small entropy state (FDE) to an ensemble with increased entropy to the low entropy folded state (NBA) (Fig.8b) . Therefore, it is not unusual that the folding kinetics upon force quench is vastly different from the bulk measurements.
The folding rate upon force-quench is slow relative to bulk measurements. A comprehensive theory of the generic features of x(t) relaxation and sequence-specific effects for folding upon force quench showed that refolding pathways and f QThirumalai et. al.
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dependent folding times are determined by an interplay of τ F (f Q ) and the time scale, τ Q , in which f S → f Q quench is achieved (60) . If τ Q is small then the molecule is trapped in force-induced metastable intermediates (FIMIs) that are separated from the NBA by a free energy barrier. The formation of FIMIs is generic to the force-quench refolding dynamics of any biopolymer. Interestingly, the formation of DNA toroid under tension revealed using optical tweezers experiments is extremely slow (∼ 1 hour at f Q ≈ 1 pN).
Force Correlation Spectroscopy (FCS)
The relevant structures that guide folding from stretched state may be inferred using Force Correlation Spectroscopy (FCS) (7) . In such experiments the duration ∆t in which f Q is held constant (to initiate folding) is varied (Fig.9a) . If ∆t/τ F (f Q ) 1 then it corresponds to the situation probed in (37) whereas in the opposite limit folding is disrupted. Thus, by cycling between f S and f Q , and varying the time in f Q , the nature of the collapsed conformations can be unambiguously discerned. The theoretical suggestion was implemented in a remarkable experiment by Fernandez and coworkers using poly-Ub (45) . By varying ∆t from about 0.5 s to 15 s, they found that the increase in the extension upon f Q → f S jump could be described using a sum of two exponential functions (Fig.9b) . The rate of the fast phase, which amounts to disruption of collapsed structures, is 40 times greater than in the slow phase that corresponds to unfolding of the native structure. The 
CONCLUSIONS
The statistical mechanical perspective and advances in experimental techniques have revolutionized our view of how simple single domains proteins fold. What a short while ago seemed to be mere concepts are starting to be realized experimentally thanks to the ability to interrogate the folding routes one protein molecule at a time. In particular, the use of force literally allows us to place a single protein at any point in the multidimensional free energy surface and watch it fold. Using advances in theory, and simulations it appears that we have entered an era in which detailed comparisons between predictions and experiments can be made. Computational methods have even been able to predict the conformations explored by interacting proteins with the recent story of the Rop dimer being a good example (44) . The promise that all atom simulations can be used to fold at least small proteins, provided the force-fields are reliable, will lead to an unprecedented movie of the folding process that will also include the role water plays in guiding the protein to the NBA.
Are the successes touted here and elsewhere cause for celebration or should it be deemed "irrational exuberance"? It depends on what is meant by success. There is no doubt that an edifice has been built to rationalize and in some instances even predict the outcomes of experiments on how small (less than about 100 residue)
proteins fold. However, from the perspective of an expansive view of the protein folding problem, advertised in the Introduction, much remains to be done. We are far from being able to predict the sequence of events that drive the unfolded proteins to the NBA without knowing the structure of the folded state. From this view point both structure prediction and folding kinetics are linked. Regardless of the level of optimism (or pessimism) it is clear that the broad framework that has emerged by intensely studying the protein folding problem will prove useful as we start tackling more complex problems of cellular functions that involve communication between a number of biomolecules. An example where this approach is already evident is in the development of the Iterative Annealing Mechanism for describing of the function of the GroEL machine, which combines concepts from protein folding and allosteric transitions that drive GroEL through a complex set of conformational changes during a reaction cycle (132) . Surely, the impact of the concepts developed to understand protein folding will continue to grow in virtually all areas of biology.
SUMMARY POINTS
1. Several properties of proteins ranging from their size and folding cooperativity depend in an universal manner on the number (N ) of amino acid residues. The precise dependence on these properties as N changes can be predicted accurately using polymer physics concepts.
2. Examination of the folding landscapes leads to a number of scenarios for selfassembly. Folding of proteins with simple architecture can be described using the nucleation-collapse mechanism with multiple folding nuclei, while those with complex folds reach the Native Basin of Attraction NBA by the Kinetic Partitioning Mechanism. Figure 9 
